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A Note on Some Growth Curves Arising
from Box—Cox Transformation
Nikolay Kyurkchiev and Anton lliev

Abstract— Mathematical models of growth have been
developed a long period of time. Estimating the lag time in the
growth process is a practically important problem. In this note
we provide estimates for the one-sided Hausdorff

approximation ('t . ) of the shifted step-function by
sigmoidal function arising from Box—Cox transformation. We
present a software module (intellectual property) within the
programming environment of CAS Mathematica for analysis

of growth curves. Numerical examples, illustrating our results
are given, too.
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. INTRODUCTION

Growth curves are found in a wide range of disciplines,
such as biology, chemistry, ecology, forestry, agriculture,
medical science and many other fields for describing the
growth of organisms and populations [4].

Garcia [1], [2] presented a generalized model, depending
on two shape parameters, that includes most of the common
growth functions as special cases.

Let B isthe transformation [3]

L-x if 0
B(x,c) = c ! cr 1)

L—Inx, if ¢c=0.

The inverse transformation is

1

8 (x.c) = j(l— cx)e, if

c=0, )
| e, if c=
defined for cx < 1.
Consider
B(B(y,a),b)=t 3
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Solving for y gives the yield equation

y=8"(B(tb)a) 4
or

1
( Ly
y= lim |1-t@-t0)?] .

tl—>a,12—>bL J
More explicitly [1],

1

( 1\a
y=|1l-a(l-bt)* | ifa,b=0 (5)

\ )

L
y=e ™ ifa=0,bx0 (6)
1

y:(l—ae’[)a ifa=0,b=0 (7
Y=efeit ifa,b=0. ®)

The models (5)—(8) includes some models such as Logistic,
Monomolecular, Bertalanfy, Exponential, Gompertz, Richards,
Chapmann-Richards,  Schnute, Stannard and their
modifications.

The growth models are described by free parameters a and

b , each contributing to the characteristics of the sigmoidal
function.

The function (5) finds applications in many scientific fields,
including population dynamics, bacterial growth, population
ecology, plant biology and statistics.

Further for a # 0 we have

1oy
y'(t)y =y | y) |
L a )

1 -b
V' = o5 (1-y") (@-a)y "(1-y")-a(l-b))

and the y - position of the inflection point, if it exists, is
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The curve (5) isa sigmoid for a <1,0 <0 and ab <1.

Estimating the lag time in the growth process is a
practically important problem [5], [6].

The lag time - (see Fig. 1) is estimated by

tlag
extending the tangent at inflection point to the initial baseline.
The curve is typically divided into the lag phase, the
growth phase, and the plateau phase.
We study the sigmoid function

1
1 a

( S
L(t;a,b,y)=|1-a(l-b(t—y))* | ifa,b=0 (9)

Figure 1: Definitions: @) t,,, - is estimated by extending the

tangent at inflection point to the initial baseline; b) t

new-lag -

the one-sided Hausdorff approximation — d of the shifted

step—function by sigmoidal function (9). The parameters are:
a=-07,b=-0.2,5=0.7;d =0.365457.

In this note we prove estimates for the one-sided
Hausdorff approximation ( t ) of the shifted step—

new-lag
function by sigmoidal function (9).

Let us point out that Hausdorff distance is the most
natural measuring criteria for the approximation of bounded
discontinuous function [7], [8].

Definition 1. Define the shifted step function h  as:

[ 0, if t<y,
hf,(t)zl[oll], if t=y, (10)
{ 1, if t>y.

Definition 2. The Hausdorff distance (H-distance)
p(f,g) between two interval functions f,g on Q c R,

is the distance between their completed graphs F (f) and
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F (g) considered as closed subsets of QxR [9], [10].
More precisely,

p(frg):max{ sup inf ||A_B||1
AeF (f)BeF(g)
(11)
sup inf [[A-BI},
BeF (g)AsF (f)
wherein ||.|| is any norm in R?, e. g. the maximum norm

[ (t, x) [|= max{|t],| x|} ; hence the distance between the

2

points A= (t,,x,) , B=(t.,x;) in R is

IA=BIl=max(|t, —t, [1x, = X, ).

Il.  MAIN RESULTS
We study the one-sided Hausdorff approximation of
the shifted step function h (t) by sigmoidal function
L(t;a,b,y).
The following Theorem is valid

Theorem 2.1 For the one-sided Hausdorff distance
d between the function h, (1) and the function (9) the
following hold:

d=~d’ (12)
where d * is the unique positive solution of the equation

~ b(1-a)? I
2(a-1)

Loy 1)
(1-a)*—|1+(1-a)* |d
\ )

=0. (13)

Proof. The one-sided Hausdorff distance d
satisfies the relation (see, Figure 1)

1

1\a

L(y—d):|(1—a(1+bd);| =d. (14)

Let us examine the function

1

( 1\a
F(d)=|1-a(l+bd)" | —d. (15)
N )

Consider function

b(1-a)? s
2(a-1)

Lo 1)
G(d)=(1-a)°—|1+(1-a)® |d-

\ )
(16)
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From Taylor expansion

1

( 1\a L LR
[1-a(l+bd)* | -d=(1-a)*-|1+(1-a)* |d
{ Y \ )
—Md2+0(d3)
2(a-1)

we obtain G (d) - F(d) =0(d’) (see, Fig. 2).

From Descartes’ rule of signs the equation (13) has
unique positive root.

This completes the proof of the theorem.
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Figure 2: The functions F (d) and G (d) for a = -0.7,
b=-0.2,y=0.7.

The bound for d computed by nonlinear equation
(15) is d =0.365457 From (12)-(13) we have
d ~d" =0.364463.

The “new” lag time is then given in terms of the one—
sided Hausdorff distance - d .

I11.  CONCLUSION REMARKS

The Hausdorff approximation of the interval step function
by the logistic and other sigmoid functions is discussed from
various approximation, computational and modelling aspects
in [11]-[21].
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Figure 3: Comparison of the sigmoid function (9)

(red) and Verhulst logistic function (green) for y = 0.4 ,
b=-0.2,a=-1and k =0.82.

Some comparison of the sigmoid curve (9) (for
a=-1)

1
L(t;-1,b) =

1
1+ (1-b(t-y))"
and Verhulst logistic function

V (t;k) = is plotted in Fig. 3.
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Figure 4: The ContourPlot for the y -position of the
inflection point.
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The ContourPlot (in CAS Mathematica) for y —
position of the inflection point is displayed in Fig. 4.
¥= Input|* ¥']:

Print|' ¥ = *, ¥);
a=Input|* a'|:

Print|* a ", a);

b= Input[* b*|:

Print|' & *, h);

Print|‘Tha following nonlinear eguation is used to detarmination of
the ona-gided Nausdortd distance hatwnsn shiftad xtap function and
shifted growth ourve i (the new lag time): *|;

Print|* (1-as(lebed) " {1/B))"(1/a}-do0 |;

FindRoot|(1-aw(1+bwd)"(1/b})"{1/a) -4, {d, 0}

The following nonlinear equation 1# used to determanation of

the ona-sided Hausdorff diavance batwssn shifrad stsp function ard
shifted grorth curve = 4 (the new laz time):
(1=nv (14bed) " (1/b) J {1/} ~d =

] = 0,365457)

Figure 5: Simple module implemented in CAS Mathematica
for calculation of the value of the one—sided Hausdorff

distance —d .
Manipiid atn]bymamic ®Shame P las [ F10], (0, <0, 35, Ladalanplo « Sdrwet Lowfbcoms, Bald],
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Figure 6: The software tool for animation and visualization
in CAS Mathematica.
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As an example of such a tool we propose a software
module within the programming environment of CAS
Mathematica.

The module offers the following possibilities: i) generation
of the sigmoid curves arising from Box—Cox transformation; ii)

when user-defined values for a,b, y are given “check sigmoid
curves”; iii) analysis of the y -component of the inflection
point (contour plot) and the classic definition of t_ __, ;
numerical calculation of magnitude of one-sided Hausdorff
distance in light of the “new researches” - t V)

iv)

new-—lag-—time ?
software tools for animation and visualization. The proposed
module allows uniformity treatment of sigmoid curves
generated by the transformation of the Box—Cox and hopefully,
this will limit self-oriented researches of growth curves, which
will appear in the literature.
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